Abstract. We provide a detailed quantum treatment of the spectral characteristics and of the dynamics of nondispersive two-electron wave packets along the periodically driven, collinear frozen planet configuration of helium. These highly correlated, long-lived wave packets arise as a quantum manifestation of regular islands in a mixed classical phase space, which are induced by nonlinear resonances between the external driving and the unperturbed dynamics of the frozen-planet configuration. Particular emphasis is given to the dependence of the ionization rates of the wave packet states on the driving field parameters and on the quantum mechanical phase space resolution, preceded by a comparison of 1D and 3D life times of the unperturbed frozen planet. Furthermore, we study the effect of a superimposed static electric field component, which, on the grounds of classical considerations, is expected to stabilize the real 3D dynamics against large (and possibly ionizing) deviations from collinearity. 
Introduction
As documented by an increasing amount of literature, electronic wave packets represent an important object of experimental studies in atomic and molecular physics (e.g., [1, 2] ). The possibility to localize the electronic population in phase space can be regarded as the crucial link between a quantum wavefunction and a classical point particle [3] , and has led to various applications in the context of quantum control (e.g., [4, 5] ). For a long time, it was common belief that the maximum evolution time until which such a localized phase space distribution can be maintained is ultimately limited by the time scale corresponding to the anharmonicity of the underlying classical potential. After this time scale, any coherent superposition which was initially well localized in position and momentum space would have spread out over the whole classical orbit due to dispersion, i.e., due to the fact that different components of the superposition contribute with different classical frequencies. This is usually termed as the collapse of the wave packet.
A decade ago, however, it was found that this spreading can actually be suppressed by means which are common in quantum control, namely by applying electromagnetic fields to the quantum configuration. This was explicitly demonstrated for one-electron atoms driven by microwave fields with linear [6, 7, 8] , circular [9, 10] , and elliptic polarization [11] . There, a Rydberg wave packet, initially launched along a Kepler orbit with principal quantum number n, is exposed to a microwave field which is resonant with the periodic classical motion. Then, for appropriate field amplitudes (which must neither be too strong nor too weak, compared to the Coulomb force on the electron) and for the appropriate relative phase be- atom, which arise from a local quantization within these resonance islands [14, 15] (see [16] for a recent review on the topic).
The above interpretation in terms of nonlinear resonances in a mixed phase space suggests that the concept of nondispersive wave packets can be generalized to atomic (or molecular) systems that are more complex than hydrogen or hydrogen-like Rydberg atoms -such as, e.g., the correlated dynamics in doubly excited helium. However, such a generalization is not at all obvious, since most doubly excited two-electron orbits of the bare three-body
Coulomb problem (as the classical version of the doubly excited helium atom) are unstable and promote rapid autoionization of the configuration. This prevents the confinement of an initially localized wave packet on longer time scales.
Nonetheless, extensive studies on the classical dynamics of helium [17] have identified local regions of regular motion which are associated with configurations of particular symmetry of the two-electron atom. The most prominent and surprising example is the "frozen planet" orbit [18, 19] deviations from collinearity (in contrast to the analogous scenario in atomic hydrogen, the resonantly driven one dimensional Kepler orbit [22] ). However, a static electric field applied parallel to the microwave polarization axis can be used to enforce stability of the driven configuration in all three spatial dimensions [20] . This suggests that nondispersive two-electron wave packets can be built on these stabilized resonances, and, on the basis of semiclassical considerations, at experimentally accessible quantum numbers of doubly excited helium [21, 23] . Yet, this conjecture remains to be corroborated by an exact quantum treatment.
With the presently available computational facilities, full blown quantum ab initio calculations of highly correlated two-electron wave packet states under electromagnetic driving are prohibitive. However, since the stabilizing static field confines the wave packet to the near vicinity of the field polarization axis, essential properties of these wave packets appear accessible through the restriction of the quantum dynamics along this axis. Indeed, nondispersive two-electron wave packets associated with the classical resonances are found in quantum calculations on the collinear model atom, as we have already reported in a previous letter [24] . Here we shall give detailed account of our quantum treatment of these objects, identify them as special eigenstates in the Floquet spectrum of the driven atomic system (alike their counterparts in driven hydrogen atoms), and investigate their characteristic properties.
To make the present contribution self-contained, we start out in Section 2 with a review of the classical dynamics of the driven frozen-planet configuration, which was already described elsewhere [20, 21] . Section 3 is de- 2 Classical dynamics of the driven frozen-planet configuration
The frozen-planet configuration of helium
In atomic units, which are used throughout this paper, the classical Hamiltonian of the electromagnetically driven helium atom reads
with r i = (x i , y i , z i ) and p i = (p ix , p iy , p iz ) the position and the momentum of electron i = 1, 2, respectively, Z = 2 the nuclear charge, and
the external, linearly polarized driving at frequency ω and amplitude F , possibly superimposed by an additional, static component with field strength F st (e z represents the unit vector along the z axis). In analogy to driven hydrogen [25] as well as to the unperturbed helium atom [26] , the Hamiltonian (1) exhibits general scaling laws:
The classical dynamics generated by (1) remain invariant if all variables and parameters of the system are transformed according to
where N represents an arbitrary, real positive quantity.
Since any classical action scales linearly with N (as does the product of position and momentum), we shall identify N with the principal quantum number of the inner electron, which corresponds to the action variable of its Kepler orbit. Due to the above scale invariance, we can restrict our classical phase space analysis to a fixed quantum number N = 1, and use (3) to deduce the actual phase space structure of the energy range of interest. Figure 1 shows a solution of the classical equations of motion generated by (1) , which illustrates the frozen planet configuration we shall focus on throughout this paper. Both electrons are located on the same side of the nucleus, librating with respect to a common symmetry axis.
While the inner electron oscillates on extremely eccentric
Kepler trajectories around the nucleus, the outer electron is dynamically stabilized due to the rapid oscillation of the inner, and remains nearly "frozen" in the vicinity of an equilibrium distance where the attractive and repulsive forces due to the other charged particles cancel each other when averaged over one Kepler cycle of the inner electron. The configuration is classically stable against au- toionization and defines a relatively large region of regular motion in the dominantly chaotic phase space of helium.
Exact quantum calculations on doubly excited helium [19] have indeed revealed the existence of long-lived autoionizing states (the energetically lowest one, below the N = 3 threshold) which are localized along the frozen-planet orbit.
For a suitable choice of initial conditions, the motion of the electrons remains confined to the z axis, what defines the subspace of collinear motion. In this simplest case, the regular frozen-planet dynamics is characterized by two modes which almost perfectly separate ( Fig. 2) :
the fast Kepler mode of the inner electron (which is also manifest in the motion of the outer electron, see Fig. 2(b) ) and the slow oscillation of the outer electron around the equilibrium distance (which also affects the motion of the inner electron, as a slow modulation of its maximal excursion).
This separation of time scales (the Kepler oscillation is almost 15 times faster than the slow mode of the outer electron) allows to treat the frozen-planet dynamics within the formalism of adiabatic invariants [27] . This defines an effective potential which describes the slow dynamics of the outer electron, in the combined field of the nucleus and of the rapidly oscillating inner electron [28] . As we see in Fig. 3 , this potential is attractive Coulombic for large distances (due to the attraction by the nucleus), strongly repulsive for short distances (due to encounter with the inner electron) and exhibits a local minimum at the equlibrium distance. is given by the curvature of the potential at its minimum at z1 ≃ 2.6 N 2 , i.e., by the frequency of small oscillations around the equilibrium.
mum slope of the potential (at z 1 ≃ 3.7 N 2 ; throughout the paper, subscript 1 denotes the outer, and subscript 2 the inner electron), and indicates the maximum static field that can be applied to the configuration without ionizing it. The frequency scale ω I ≃ 0.3 N −3 is given by the curvature of the potential at its minimum, i.e., by the frequency of small oscillations around the equilibrium position. In the following, we shall study the effect of an electromagnetic field which resonantly drives the outer electron's slow oscillation, i.e., a field with amplitude F < F I and frequency ω ≃ ω I .
Phase space of the collinear, driven configuration
In the presence of the time-periodic perturbation, the dy- (Fig. 4(b) ) corresponds to the 1:1 resonance where one oscillation cycle of ( Fig. 5(a) ) and finally undergoes a smooth transition into
Above the intrinsic frequency ω I -which corresponds to the maximum frequency of free oscillations within the effective potential -the electromagnetic field can no longer induce a 1:1 resonance. Resonances of higher order, however, are still possible (e.g., the 2:1 resonance, where one period of the outer electron is completed precisely after two field cycles; the elliptic islands created by this reso- island (centered around z1 ≃ 3.9 N 2 in (a)) shifts towards the equilibrium distance, and finally undergoes a smooth transition into the intrinsic island at
by the 2:1 resonance where one period of the outer electron's motion matches two field cycles. We see that the intrinsic island remains basically at rest during the time evolution. The field-induced 1:1 resonance island, on the other hand, oscillates once around the intrinsic island within one field cycle.
Stabilization against deviations from collinearity
In contrast to their counterparts in driven hydrogen [16, 29] , however, the resonance islands of the collinear, driven frozen-planet dynamics are not embedded in a regular phase space domain of the three-dimensional problem.
Fig . 7 shows the evolution of the configuration launched at In fact, such a stabilization can be achieved by adding a static component F st to the electromagnetic field (see Eq. (2)). In resonantly driven hydrogen, a static field, applied parallel to the microwave polarization axis and forcing the electron away from the nucleus, tends to confine the electron to the immediate vicinity of the polarization axis [16, 22, 30] . This confinement effect can now be im- For unperturbed helium, where the total angular momentum is conserved, autoionizing states can presently be calculated for quantum numbers of the inner electron reaching N ≃ 15 . . . 20 [19, 37] . Therefore, in the near future there is not much hope for an accurate treatment of the periodically driven problem, with a large number of angular momenta coupled by the field, at comparable or even higher excitations.
Nevertheless, essential qualitative information on the wave packets can be obtained by an approximate quantum description, which is motivated by the classical motion of the electrons. As discussed in the previous section, the static field confines the electrons to the vicinity of the field polarization axis ( Consequently, we write the Hamiltonian that generates the quantum dynamics of the driven collinear configuration as In a last step, we introduce the coordinates
which independently lie in the range 0 ≤ ξ, η ≤ ∞. In these perimetric coordinates [40] , the Hamiltonian is rewritten as
what will turn out as a convenient form for our further treatment.
Floquet theory and complex scaling
Due to the temporal periodicity of the Hamiltonian, the Schrödinger problem represented by (6) t ,
which satisfy the Floquet eigenvalue equation
A Fourier series expansion of ψ
yields a time-independent eigenvalue problem for the Fourier For atomic systems, the Floquet spectrum is absolutely continuous: each bound state of the unperturbed atom is coupled to the atomic continuum via multiphoton transitions, and therefore appears as a resonance structure in the spectrum -in analogy to autoionizing states in multiply excited atoms, which are coupled to the continuum via configuration interaction [43] (see, e.g., [44] for a case in triply excited lithium). In order to separate these resonances from the flat background of the continuous spectrum, we use the method of complex scaling [45, 46, 47] .
It consists in the complexification of coordinates and momenta (not of time!) according to
through application of the nonunitary complex scaling op-
Accordingly, the Hamiltonian is transformed as
what turns (8) into a complex symmetric rather than hermitian eigenvalue problem, with eigenvalues in the lower half of the complex plane. In particular, resonances of the "real" eigenvalue problem (i.e., at θ = 0) appear, for finite θ, as isolated, discrete complex eigenvalues E = E − iΓ/2: their real and imaginary parts correspond to the energies E and to the half widths at half maximum Γ/2 (HWHM) of the resonances, respectively.
Expansion in Sturmian basis functions
The complex-scaled Floquet Hamiltonian is now expanded in the product basis
1 Note that, due to (5), complexification of ξ, η and of z1, z2
is equivalent.
composed of the real-valued Sturmian functions [48] 
where the L
n−1 denote the associated Laguerre polynomials [49] . The real parameter α > 0 fixes the length scale of the Sturmians. As a consequence, the product basis Multiplication of (8) by ξη leaves 1/(ξ + η) as the only non-polynomial contribution in ξ and η, after inserting (6). We factor out (ξ + η) from the eigenvectors of (8),
and expand φ 
Alltogether, the generalized Floquet eigenvalue equations finally reads
with the complex scaled operators H 0θ , V θ given by
and theφ
θ,k (ξ, η) the Fourier components (see (9)) of the wavefunction φ (E) θ,t (ξ, η). Introducing the scalar product
with respect to which the Sturmians are orthogonal, we obtain a complex symmetric eigenvalue problem.
All the opertor-valued terms acting on theφ (14) (see [23, 49] ). Hence, upon expansion of the Fourier com-
θ,k in the Sturmian product basis (13),
we obtain strict selection rules which permit nonzero couplings between the coefficients C All numerical results presented hereafter are converged to machine precision.
Visualization of the wavefunction
The energies E and widths Γ extracted from the complex eigenvalues E allow to classify the Floquet states in series and to determine their stability; in general, however, they do not provide any direct information about the localization properties of these states in configuration or in phase space, which in themselves can carry important physical information. To extract the latter from the eigenstates of the complex symmetric eigenvalue problem (17) , some care has to be taken, due to the non-unitarity of the dilation operator R(θ). The technical and computational details of this procedure are described in detail in [23, 51] , and we only import here those results of immediate relevance for our specific purpose.
We first need the density of the physical wave function
, which is obtained (up to a normalization constant), for a well-isolated resonance energy E = E−iΓ/2 (i.e., |E j −E| ≫ Γ , ∀E j = E), from the image of ψ (E) θ,t under the inverse dilation operator R(−θ),
together with the image of the corresponding left eigen-
Correspondingly, the Husimi representation Q(z 1 , p 1 ) [23, 51] in the classical phase space coordinates of the outer electron (subscript 1) is obtained by projection on Gaussian wave packets χ p1 (z 1 ) which are centered at position z 1 and propagate with average momentum p 1 :
where the bar denotes complex conjugation.
In order to establish a precise analogy with our above construction of the two-step Poincaré section of the classical dynamcis (see Section 2.2), we define the overlap matrix element in (24) as
2 |R(−θ)|ψ
Thus, the quantum phase space probability density is evaluated at fixed time t (corresponding to a fixed phase ωt 
The unperturbed collinear atom
With the above theoretical machinery for our quantum treatment of the driven, collinear frozen planet configuration at hand, we can now study in detail its physical properties. As a "warm-up", and equally so as a first assessment of the physical implications of the restricted dimensionality of our problem, we start out with the spectral 
Energies and phase space distributions
Corresponding to the fact that its classical counterpart is almost completely integrable (Fig. 4(a) In the coordinate of the inner electron, the wavefunctions are essentially given by the N th hydrogenic eigenstate of the unperturbed, one-dimensional atom, whereas in z1 they display different excitations within the effective potential (see Fig. 3 ). Their Husimi distributions clearly show that they are well localized along regular tori in the underlying classical phase space (see Fig. 4(a) ).
The near-separability of the two modes associated with the electrons is furthermore reflected by the probability density (23) (Fig. 4(a) ) unambiguously illustrates the neat localization of the eigenfunctions along invariant tori of the classical dynamics.
Ionization rates
The "regular" character of the wavefunctions is also manifest in the ionization rates Γ/2 (HWHM) of the associated spectral resonances. We see in Fig. 9 that for the N = 8 series these widths first increase with n, and then decrease again towards the ionization threshold. While this latter decrease is attributed to general scaling laws For comparison, we plot in Fig. 11(d) by the EBK quantization criterion), this near-resonant one-photon coupling gives rise to the nondispersive wave packet associated with the classical nonlinear resonance. The wave packet character of this latter state is ultimately confirmed by its Husimi density, which is plotted in Fig. 13(b1 -b3) for F = 0.005 N −4 , at driving phases ωt = 0, π/2, and π. We see that the Floquet eigenfunction is fully localized on the 1:1 resonance island in phase space, and that it precisely follows the classical time evolution. The wave packet dynamics in configuration space is visualized in Fig. 13(a1 -a3) where we plot the probability density of the state n = 2 as a function of z 1 and z 2 . increasing F towards higher quasienergies (Fig. 15) . wave packet state, giving rise to a first excited mode of the nondispersive wave packet (see Fig. 16(c1 -c3) , and
Ref. [10] for an analogous case in driven hydrogen).
Lifetimes of the wave packet states
As already mentioned in the Introduction, the time scale over which the nondispersive wave packet follows the res- a.u., which corresponds to a lifetime of τ ≃ 1.8 · 10 6 field cycles before the wave packet population is appreciably redistributed over the ionization continuum.
In general, one expects the ionization rate of the wave packets to decrease on average exponentially ∼ exp (−SN ) with N , where S is the semiclassical action across the tunneling barrier that confines the resonance island at N = 1.
In contrast to the unperturbed collinear configuration discussed in Section 4 ( Fig. 11(c)) , however, such an exponential decrease is not observed in our calculations. As we see in Fig cal phase space (see, e.g., Fig. 16(d1-d3) ). In contrast to and stretches out along the associated separatrix structure (see also [8, 16] for analogous states in driven hydrogen atoms).
globally regular systems such as the unperturbed Zee configuration (see Section 4.2), the coupling from the locally bound domain to the ionization continuum is not given by a single tunneling rate. Instead, it is mediated by a twostep process which, besides tunneling through the barriers of the regular island, involves also chaotic transport through irregular phase space outside the island towards the continuum. It is in fact this latter, chaotic component of the coupling process that generates the fluctuations of the decay rates, on top of their on average exponential decrease with N . This chaos-assisted tunneling mechanism, originally formulated for tunneling transitions between symmetric regular islands in bounded systems [56] , was indeed proven to govern the decay of nondispersive wave packets in driven one-electron atoms [12] , the latter exhibiting similar quasi-erratic deviations of Γ from a purely exponential law (see also [57] ).
In the Floquet spectrum, the chaos-induced modification of the tunneling process can essentially be understood via the influence of near-resonant chaotic states on the ionization rate of the wave packet state. As we see
in Fig. 12(b-d) , the widths of the energetically low-lying to quantitatively evaluate the associated tunneling rates for nonintegrable systems are presently under construction (see [58] ). Since the static field notably affects the asymptotic part 
Conclusion
Our present study provides abundant evidence for the sta- 
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